We present numerical results for the magnetic susceptibility of a Heisenberg antiferromagnetic spin ladder, as a function of temperature and the spin-spin interaction strengths J ⊥ and J || . These are contrasted with new bulk limit results for the dimer chain. A fit to the experimental susceptibility of the candidate spin-ladder compound vanadyl pyrophosphate, (VO) 2 P 2 O 7 , gives the parameters J ⊥ = 7.82 meV and J || = 7.76 meV. With these values we predict a singlet-triplet energy gap of E gap = 3.9 meV, and give a numerical estimate of the ladder triplet dispersion relation ω(k). In contrast, a fit to the dimer chain model leads to J 1 = 11.11 meV and J 2 = 8.02 meV, which predicts a gap of E gap = 4.9 meV.
I.Introduction
Quantum antiferromagnetism in lower-dimensional systems has proven to be a very rich subject. Some of the more dramatic developments include the realization that half-integral and integral spin chains have very different excitation spectra, [1] and evidence that twodimensional antiferromagnetism is a crucial component of high temperature superconductivity. [2] [3] [4] The Heisenberg spin ladder is interesting theoretically as an intermediary between halfinteger (S = 1/2) and integer (S = 0, 1) spin chains. This system has isotropic nearestneighbor interactions along the chains (J || ) and along the rungs (J ⊥ ) of a ladder geometry,
Previous studies of the Heisenberg spin ladder have discussed the ground state energy and the dependence of the singlet-triplet energy gap on J ⊥ /J || ≡ α ℓ in the antiferromagnetic regime, [5, 7] the triplet spin-wave dispersion relation, [7] the behavior of the system under doping [5] and the dynamical structure function. [7] Ferromagnetic rung couplings (J ⊥ < 0, J || > 0) have been studied using Lanczos and Monte Carlo techniques and the renormalization group; [6] these references suggest that a gap exists for all J ⊥ < 0.
In Ref. [7] we presented numerical and analytical results for the ground state energy and triplet spin-wave dispersion relation of an S = 1/2 spin ladder, as well as numerical results for the structure function S( k, ω). We found evidence that a singlet-triplet energy gap appears for any interchain coupling J ⊥ /J || > 0, and that the spin-wave band minimum is at k = π, but the band is folded so the maximum energy occurs between k = π/2 (for J ⊥ /J || = 0) and k = 0 (for J ⊥ /J || = ∞). The bandwidth was found to be relatively insensitive to the rung coupling J ⊥ , and varied between πJ || /2 (for J ⊥ /J || = 0) and 2J || (for J ⊥ /J || = ∞).
The antiferromagnetic spin ladder may be realized in nature by the antiferromagnet vanadyl pyrophosphate, [8, 9] H 2 O has isolated V +4 ion pairs at a similar separation of 3.10Å, and is well described magnetically by independent spin-1/2 Heisenberg pairs with a coupling (in our conventions) of J = 7.81 meV. [10] Although the (VO) 2 P 2 O 7 lattice clearly shows a ladder configuration of V +4 ions, they might in principle interact magnetically as a different spin system. This was the case for
H 2 O (Ref. [11] ), which was originally considered to be a possible spin ladder system but was subsequently found to interact as a dimer chain, described by the Hamilto-
with
. It was not practical to distinguish between ladder and dimer chain models of copper nitrate from bulk thermodynamic properties alone, which were found to be very similar for the two systems. [11] The issue was finally decided in favor of the dimer chain model by proton resonance [12] and neutron diffraction [13] experiments.
Vanadyl phosphate presents similar ambiguities. Although its susceptibility has been measured and is accurately described by the susceptibility of a dimer chain [9] (2), it is widely believed that the ladder Hamiltonian (1) will lead to a very similar χ(T ) and so is not excluded by the good agreement with the dimer chain. Since no theoretical results have been published for the bulk limit ladder susceptibility in the relevant J ⊥ ∼ J || regime, comparison of the experimental susceptibility to the ladder model has not been possible. In this paper we present new numerical results for the bulk limit susceptibility of ladders and dimer chains, and fit these to the data for (VO) 2 P 2 O 7 . As we shall see, these two models do give very similar results for the susceptibility, and both give excellent fits to (VO) 2 P 2 O 7
with appropriate parameters. The ladder χ(T ) is preferred, although the differences may be less important than the approximations made in the models.
II. Spin ladder and dimer chain susceptibilities
We determined the susceptibility on finite lattices by generating all energy levels {E i } and their multiplicities {d i } in each sector of fixed total S z , using a Householder algorithm. The susceptibility was then obtained through its relation to the expected squared magnetization, summed over energy levels and total S z sectors;
This approach has the advantage that explicit eigenvectors are not required. For the ladder geometry we used (3) Table I . To estimate the bulk limit susceptibility the 2 × L results were fitted to the form χ L = χ ∞ + ae −bL at each T and coupling, independently for L = even and L = odd, since these approached the bulk limit from opposite directions.
This gave independent estimates of the bulk limit susceptibility, which allowed a test of the accuracy of our extrapolation in L. Table II gives the L = 16 results. For the dimer chain there is no odd/even effect in the long axis (we always assume an even number of spins so the ground state has no net magnetization), so we had only a single extrapolation in L for each T . This was compensated by smaller finite size artifacts than on the ladder, because the long axis of the dimer chain spanned a maximum of 16 rather than 8 spins. For fitting purposes it is useful to have a parametrization of these results that allows accurate interpolation in T and interaction strengths. We tested several forms and found that the six-parameter function
adequately describes both the experimental data [14] and the theoretical ladder and dimer chain susceptibilities over a range of parameters relevant to (VO) 2 P 2 O 7 . This form also has the advantage that it incorporates the exponential behavior expected at low temperatures, unlike other parametrizations used previously for the dimer chain, and at high temperature it gives the correct Curie form
B /4k B in all cases, but the V 4+ ion g-factor is unknown a priori and is determined when c 1 is fitted to the data.)
For the two theoretical susceptibilities we fitted our numerical bulk limit results to (4) 
and for the dimer chain (with J 1 = 1) over the range 0.6
Due to the presence of large coefficients this parametrization is not useful far from the parameter ranges cited; if required the coefficients could be determined directly from the bulk-limit numerical results.
Our numerical results for the extrapolated bulk limit susceptibility of the ladder and dimer chain are shown in Figs.1 and 2 respectively, together with the interpolating functions defined by (4) (5) (6) . The interpolating functions reproduce the bulk limit susceptibility with a typical accuracy of a few times 10 −4 over the parameter ranges quoted above.
III. Comparison with the experimental (VO)
In a previous study Johnston et al. [9] presented results for the susceptibility of (VO) 2 P 2 O 7 , and noted that the susceptibility of a dimer spin chain gives a very good description of the data for α d ≡ J 2 /J 1 = 0.7 (fixed from an interpolation of theoretical curves for 0.6 and 0.8 from Refs. [11] ), J 1 = 11.32 meV (hence J 2 = 7.93 meV) and g = 2.00. (Note that in our conventions the {J n } are twice as large as in Refs. [8] and [9] .)
A similar coupling of J = 7.81 meV was determined for VO(HPO 4 )· To confirm these results we fitted our three-parameter (J 1 , α d , g) dimer chain susceptibility, described by (4) and (6) , to the data of Ref. [9] , which consists of 606 values of χ(T ) from T = 7.2 o K to 344.34 o K. We found the optimum parameter values to be J 1 = 11.11 meV, α d = 0.722 and g = 1.99. These are essentially the parameters found by Johnston et al., and the minor differences are presumably due to the systematic errors in interpolation (perhaps 1% in parameter values). The fitted dimer chain susceptibility and the data for (VO) 2 P 2 O 7 are shown in Fig.3 .
We similarly fitted the three-parameter (J || , α ℓ , g) ladder susceptibility (4), (5) to the experimental (VO) 2 P 2 O 7 χ(T ) data over the full temperature range. The optimum ladder parameters were found to be
The proximity of g to 2 provides a plausibility test of the fit, as does the fitted value of J ⊥ = 7.82 meV, which is almost identical to the isolated-dimer J = 7.81 meV found previously [10] in VO(HPO 4 )· 
slightly favors the ladder model over the dimer chain. We cannot choose between the models definitively from the susceptibility data, however, because the variation in (VO) 2 P 2 O 7 susceptibility estimated from samples with different annealing histories ( Finally, to test how well J ⊥ and J || are determined, we studied the residual f in constrained two-parameter fits with g and J || variable but α ℓ = J ⊥ /J || fixed. As we changed α ℓ from the optimum value 1.007 we found that by 0.90 and 1.12 the residual had increased by a factor of two. As we increase α ℓ through the range [0.9, 1.1] the fitted value of J || decreases from 8.2 meV to 7.3 meV, which can be taken as a conservative estimate of the accuracy to which J || is determined by the susceptibility. The fitted g factor remains close to 2.03 over this range. Outside this range of α ℓ there is a rapid decrease in the quality of fit, reaching a factor of five increase in f by α ℓ = 0.81 and 1.24.
IV. Predictions of the ladder and dimer models
Since we have determined ladder parameters for (VO) 2 P 2 O 7 from our fit to the susceptibility, we can use the results of Ref. [7] to give predictions for the gap and spin-wave excitation spectrum. From Fig.2 of that reference we can see that the gap near J ⊥ /J || = 1 is quite well determined by the Lanczos and Monte Carlo studies. An approximate linear interpolation gives
so for the optimum fitted parameters we predict E gap = 3.9(1) meV .
Over the parameter range 0.9 ≤ J ⊥ /J || ≤ 1.1 discussed above the predicted gap increases from 3.6 meV to 4.1 meV. [16] As was noted in Fig.3 of Ref. [7] , for J ⊥ = J || the minimum energy required to excite a triplet spin wave on the ladder as a function of k closely resembles the dispersion relation of a spin-1/2 chain, except for the presence of excitation gaps. The lowest excitation is at k = π, where the gap is ω(π) = 0.50J || , the maximum is shifted to a k < π/2, and a secondary minimum is at k = 0. This dispersion relation is symmetric about k = π.
A complication not noted in Ref. [7] is that the lowest-lying triplet spin-waves with these parameters arise from two distinct bands. The "primary" band, which contains the lowest gap, is odd under chain interchange (k ⊥ = π), and is shown as solid lines for J ⊥ /J || = 0.5, 1.0 and 2.0 in Fig.5 . For large J ⊥ these are excitations of a single rung, with energy ω ≈ J ⊥ .
The "secondary" band (dashed lines in Fig.5 ) is even under chain interchange, and for large J ⊥ these states consist of two excited rungs (hence ω ′ ≈ 2J ⊥ and the even symmetry), with the two S = 1 excited rungs coupled to give S tot = 1. Thus the secondary band may be interpreted as the excitation of two spin-wave quanta of the primary band. This interpretation leads us to anticipate several features of the secondary dispersion relation in the bulk limit, for example ω ′ (k = 0) = 2 ω(k = π), so the band minimum of the secondary band in (VO) 2 P 2 O 7 should lie at 7.8(2) meV given our parameters. One may similarly construct the entire secondary ω ′ (k ′ ) given the primary ω(k) (assuming there are no bound states), by finding the minimum-energy combination of two quanta with specified k ′ .
In our representation in Fig.5 we fitted the function
which interpolates between the known analytic chain and dimer limits, to the 2x12 lattice data. (Except for the points ω ′ (k = 0) in the secondary band, which showed large finite size effects, and which we replaced as argued above by 2 ω(π).) For J ⊥ = J || = J the fitted constants were found to be ω(0) = 1.890J, ω(π) = 0.507J and c 0 = 1.382J. In Fig.6 we show the triplet dispersion relation which this parametrization predicts for (VO) 2 P 2 O 7 , together with a similar result for the secondary band, using the mean value J ⊥ = J || = 7.79 meV and the physical lattice spacing. The primary triplet band extends from 3.9 meV at k = 0.813A −1 to 16 meV at about 0.3A −1 , and then falls to 15 meV at k = 0. The secondary band extends from 7.9 meV at k = 0 to a broad plateau at an energy of about 17-18 meV centered on k = 0.813A −1 . Structure function calculations on the 2x12 lattice suggest that the secondary band should appear most clearly near the k = π point (0.813A −1 ).
For comparison we quote predictions for the triplet spin-wave dispersion relation in the dimer chain model. Of course the lattice spacing a and the direction of the continuous momentum variable k are problematical for (VO) 2 P 2 O 7 in the dimer model because there is no obvious dimer chain interaction pathway. Since the dimer unit cell has length 2a the dispersion relation repeats with period ∆k = π/a; this implies that the two different gaps we found for the ladder at 0 and π/a are equal in the dimer chain. Another characteristic feature of the dimer chain dispersion relation is that it is symmetric about π/2a, due to inversion symmetry. For the parameters J 1 , J 2 and g found in our susceptibility fits the dimer chain model predicts a somewhat larger gap of E gap ≈ 0.44J 1 = 4.9 meV and a bandwidth of ≈ 11 meV. It is interesting that one can apparently distinguish between the dimer chain and ladder models by an accurate measurement of the gap alone, using parameters derived from susceptibility fits.
V. Summary and Conclusions
In this paper we used numerical techniques to study the susceptibility of a Heisenberg antiferromagnetic spin ladder and a dimerized Heisenberg spin chain. We used exact numerical diagonalization to generate all energy eigenvalues and their degeneracies, which were then used to determine χ(T ) on ladders and dimer chains of up to 16 spins. We presented results for a range of temperatures and interaction ratios J ⊥ /J || (ladder) and J 2 /J 1 (chain). These were extrapolated to give bulk limit estimates, which we parametrized using a function with five parameters. We fitted the bulk limit χ(T ) to the susceptibility data for (VO) 2 P 2 O 7 , which is a candidate spin ladder system but is known to be accurately described by the dimer chain susceptibility. Our best fit to the dimer chain model accurately reproduces previous parameter values. Our best fit for the ladder is in slightly better agreement with the data, and indicates that (VO) 2 P 2 O 7 has very similar J ⊥ and J || values. With these parameters we give numerical predictions for the spin-wave excitation gap of (VO) 2 P 2 O 7 and for other properties of the spin-wave dispersion relation.
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